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Let rs(n) denote the number of representations of n as the sum of s
squares of integers. In this note, we determine r2ks(n) modulo 2
k+2
for k 1 and s odd. For general s, we also obtain a congruence for
rs(n) modulo 2s. These extend Wagstaff’s results (J. Number Theory
127 (2007) 326–329).
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1. Introduction and results
Let rs(n) denote the number of representations of n as the sum of s squares of integers, that is,
rs(n) is the number of solutions to
n = x21 + x22 + · · · + x2s
in integers xi . Numerous beautiful results are obtained for rs(n). For example, the well-known La-
grange theorem shows that every positive integer is the sum of four squares of nonnegative integers,
that is, r4(n) > 0 for every positive integer n. Many exact formulas for rs(n) are known. For instance,
(see [1, p. 121])
r2(n) = 4
∑
2d+1|n
(−1)d,
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∑
2d+1|n
(2d + 1), where δ =
{
1 if d is even,
0 otherwise,
r8(n) = 16
∑
d|n
(−1)n+dd3.
One can refer to Grosswald’s book [1] for more about rs(n).
Recently, Samuel S. Wagstaff, Jr. [4] studied the congruences for rs(n) employing the theory of
permutation group. He determined rs modulo 2s when s is a prime or a power of 2. More precisely,
the following results are proved:
Theorem 1. Let n and k be positive integers, and let m be an odd positive integer. Then
r2km(n) ≡ 0
(
mod 2k+1
)
. (1)
If p is an odd prime, then
rpk (n) ≡
{
2 (mod 2p) if n = pkt2 for some positive integer t,
0 (mod 2p) otherwise.
(2)
In this paper, we obtain more general results by elementary arguments. First, we determine r2km(n)
modulo 2k+2. We have the following
Theorem 2. Let n 1 and k 1 be integers, and let m be an odd positive integer. Then
r2km(n) ≡
{
2k+1 (mod 2k+2) if n is a square or twice a square,
0 (mod 2k+2) otherwise.
Note that if s is an odd prime, then (2) implies rs(n) ≡ 0 (mod 2s) for any n with (n, s) = 1. Using
the logarithmic derivative, we have the following
Theorem 3. Let s and n be positive integers. Then
nrs(n) ≡ 0 (mod 2s).
In particular,
rs(n) ≡ 0 (mod 2s)
for all n such that (n, s) = 1.
Here, we give some examples which verify the conclusion of Theorem 3 but are not implied by
Theorem 1.
Examples. r9(5) = 240 · 18, r9(7) = 704 · 18, r9(11) = 3376 · 18, r12(5) = 1078 · 24, r12(7) = 5544 · 24,
r12(11) = 55044 · 24, r15(4) = 729 · 30, r15(7) = 30386 · 30, r15(8) = 70942 · 30, r18(5) = 7650 · 36,
r18(7) = 118592 · 36, r18(11) = 376480 · 36.
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We need the following Lemma 4. This lemma can be found in [2, Lemma 7]. Here, we give a
simple proof.
Lemma 4. Let k 2 be an integer. Then
(
2k
s
)
2s ≡ 0 (mod 2k+2)
for all 3 s 2k.
Proof. We denote by ν2(m) the exponent of the highest power of 2 dividing integer m. Clearly,
ν2(
a
b ) = ν2(a) + ν2(b) if ab ∈ Q and ν2(ab) = ν2(a) + ν2(b) if a,b ∈ Z. Therefore
ν2
((
2k
s
)
2k
)
= ν2
(
2k · 2
k − 1
1
· 2
k − 2
2
· · · · · 2
k − (s − 1)
s − 1 ·
2s
s
)
= ν2
(
2k
)+ ν2
(
2k − 1
1
)
+ ν2
(
2k − 2
2
)
+ · · ·
+ ν2
(
k − (s − 1)
s − 1
)
+ ν2
(
2s
s
)
= k + s − ν2(s)
 k + 2,
where we use the fact that ν2( 2
k−i
i ) = 0 for 1 i  s − 1 and
s − ν2(s) s − log s
log2
 2
for all s 4. When s = 3, we have s − ν2(s) = 3> 2. 
Proof of Theorem 2. Write
θ(q) =
∞∑
n=−∞
qn
2 = 1+ 2
∞∑
n=1
qn
2
.
Then the generating function for rs(n) is
θ(q)s = 1+
∞∑
n=1
rs(n)q
n. (3)
For any k 1, by the binomial theorem and Lemma 4, we have
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k =
(
1+ 2
∞∑
n=1
qn
2
)2k
≡ 1+ 2
(
2k
1
) ∞∑
n=1
qn
2 + 4
(
2k
2
)( ∞∑
l=1
ql
2
)2 (
mod 2k+2
)
= 1+ 2k+1
∞∑
n=1
qn
2 + 2k+1(2k − 1)
( ∞∑
l=1
∞∑
r=1
ql
2+r2
)
≡ 1+ 2k+1
∞∑
n=1
qn
2 + 2k+1
( ∞∑
l=1
q2l
2 + 2
∞∑
t,r=1
t<r
qt
2+r2
) (
mod 2k+2
)
≡ 1+ 2k+1
∞∑
n=1
qn
2 + 2k+1
∞∑
l=1
q2l
2 (
mod 2k+2
)
. (4)
It follows immediately that
θ(q)2
k+1 ≡ 1 (mod 2k+2).
Since m is odd, we write m = 2m1 + 1. Thus
θ(q)2
km = (θ2k+1)m1θ(q)2k ≡ θ(q)2k (mod 2k+2). (5)
So Theorem 2 follows from (3), (4) and (5). 
Proof of Theorem 3. Let k be a positive integer. Then
log
∞∏
n=1
(
1− qkn)= ∞∑
n=1
log
(
1− qkn)= − ∞∑
n=1
∞∑
m=1
qmkn
m
= −
∞∑
n=1
σ(n)
n
qkn,
where σ(n) =∑d|n d. Applying the operator q ddq , we get
q
d
dq
∞∑
n=1
log
(
1− qkn)= −k ∞∑
n=1
σ(n)qkn. (6)
Recall that (see [3, p. 145])
θ(q) =
∞∏
n=1
(1− q2n)5
(1− qn)2(1− q4n)2 . (7)
It follows that
log
(
θ(q)s
)= s
(
5
∞∑
n=1
log
(
1− q2n)− 2 ∞∑
n=1
log
(
1− qn)− 2 ∞∑
n=1
log
(
1− q4n)
)
.
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q
d
dq
log
(
θ(q)s
)= s
(
−10
∞∑
n=1
σ(n)q2n + 2
∞∑
n=1
σ(n)qn + 8
∞∑
n=1
σ(n)q4n
)
.
On the other hand, we have
q
d
dq
log
(
θ(q)s
)= q d
dq
log
( ∞∑
n=0
rs(n)q
n
)
=
( ∞∑
n=1
nrs(n)q
n
)
/
( ∞∑
n=0
rs(n)q
n
)
.
Therefore
∞∑
n=1
nrs(n)q
n = 2s
(
−5
∞∑
n=1
σ(n)q2n +
∞∑
n=1
σ(n)qn + 4
∞∑
n=1
σ(n)q4n
)( ∞∑
n=0
rs(n)q
n
)
.
It follows immediately that
nrs(n) ≡ 0 (mod 2s). 
Remark. Let p be an odd prime. Using (7) and the fact that (1 − X)pk ≡ (1 − Xpk ) (mod p) for all
integer k 0, we ﬁnd
θ(q)p
k =
∞∏
n=1
(1− q2n)5pk
(1− qn)2pk (1− q4n)2pk ≡
∞∏
n=1
(1− q2npk )5
(1− qnpk )2(1− q4npk )2 = θ
(
qp
k)
(mod p).
This give an alternative proof of (2).
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